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Equations of a plane boundary layer of a viscous incompressible fluid with couple stresses,
asymmetric stress tensor and with the inner inertia of the particles taken into account,
aré considered, Numerous variants of the plane boundary layer equations are investigated
.and their invariant group theoretic properties obtained, Boundary layer equations are dis-
cussed in connection with two problems, one concerned with the flow around a flat plate
and the other with a totally submerged stream, General problems of the theory of fluids
with couple stresses were investigated in [1 and 2],

1, General system of equations of motion of a viscous, incompressible fluid with couple
stresses, has the form 1
V.ev=0, 72—=_T)-vp+2vv-(Vv)d+v,vx [20 — V X V] @y
d .
127 =2v,(V X v —20) + 6V (V-@) + 2647 (Vo) + 2¢,V+(Ve)°

Here p denotes the bulk density, p is the pressure, 7 is a scalar constant of dimen-
sion equai to that of the moment of inertia of unit mass, v is the velocity vector of a
point, @ is the vector describing the mean angular velocity of rotation of the particles
of which a point of the continuum is composed, v is the kinematic Newtonian viscosity,
v, is the kinematic rotational viscosity, co, ¢q and cqare the coefficients of the couple
stress viscosity, d(...)/dt denotes the total differential with respect to time, V is the
three-dimensional grad, (Vv)4 and (V)9 are the symmetric parts of the corresponding
dyads, finally, (Vv)e and (Ve)® are the antisymmetric dyads,

For the plane case Egs, (1.1) become, in the dimensionless form,

Ovy vy v, ap (1 1 %, 0%, 2 3w,
7t tigrt gy ="%; + T+R_,.') (a?"‘ 6y’)+R By

v, v, dv, ap (1 1 )(3’vy 3’%) 2 du,

Tttty =— RTE I\ 139 ) &, o= (1.2)
Bty == e B (-5 e (G + )
e 1 Se=o
R=%, E=$, _R,=:—:-. Rc=‘—’:—a, -r=°4'—_}'ﬁ 1.3)

where ¥V and [ denote the characteristic velocity and length, respectively,
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In the curvilinear [3] orthogonal coordinates ¢, and ¢, with the Lamé coefficients 4,
and 4, ,Eqgs, (1.2) become
vy vy vy vadn v ( dhy 3’71)
otk og + % 392 T Eina \"18q — M aq;) =
op 1 1 1 3% 1 9%, 1 9 (ha/h) vy
=—h n + (71_ + R_,.) [hx' 3ql'+ hat 9gs® T hihy  dqr  dq1
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Faha "8gs 9as T Fihy 3gs 91— Fahs® 04, 30
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(1.4)

6v1 avz 6 ahl
hy 0q1+ 15g2 +vlaq1 + v aqz—o

0wy 1 Jwg  vs 003 @3 Vi | Wy 893 iy Ohy waws OBy
TR BT e 9ga 2 91 T 2 aq,+zn1h@+z—nm‘q—.=
4 2B 1 [3(hav)) 3 (mw) 1 %0 | 1 3%,
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Following [31 we put (1.5)
Uy

y y
Q=2z, qz=ﬁ, V)= Dy, vz—v-—,a);;:o),VR hl=i+lﬁ’
Let us now insert (1, 5) into (1,4) and put R—-w, As the result, we obtain four possible
types of the boundary layer equations depending on the relations between R, R, R

and £,
1. If R, R,, E' and R¢/ R are of the same order, we obtain

1 dp do
Frbug b =y o, G
ap du  dv
W:‘Ov %‘*‘(ﬁ:O' U=70yg, V="0y, 0=, (16)
A dw v 4v, 2v,. du 7 0%
FT UG Ty =TT 5+ Tog

in the dimensional variables, Boundary layer equations contain, in this case, the terms
characterizing the asymmetry of the stress dyad, the couple stresses and the inertia of the

rotating particles,
2) If R, R, and E are of the same order,and ER <€ R, we have the system (1.6) in
which the last equation is replaced by
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oo - do do 4v, 2v, du
TG Ty =TT O~ T oy (1.7)
This case corresponds to the absence of the couple stresses in the fluid,
3)If R, R, and V'R, are of the same order provided that E > R, we obtain (1.6),
the last equation of which has the form
ou 0%
0=—4v,0—2v, 5y + 1557 (1.8)

This corresponds to the case when the inertia of the rotating particles can be neglected,
4)1f R, R, and R,/ E are of the same order, and E <€ R, then the last equation of
(1.8) is replaced by dw . am 1. %0
G tuas Fray =T 5 (1-9)
which corresponds to the case when the couple stress is dominant during the rotation of
the particles,

2, Following [4 — 6] we shall investigate the invariant group theoretic properties of
the equations of the boundary layer of the fluid with couple stresses, when the motion is
steady,

A) Let us consider the first type of the boundary layer equations, System (1.6) in its
normal form is given by

ay, v+v (uu‘+va.+ p,,—2v,(3) uy=a, ,=43

py=0, vy=—u, By= (umx+ 8 +4‘V,- +2_;'_1'_a)

Here and in the following the subscripts z and y following the quantities u, v, p, ©,
a and B denote the differentiation with respect to these variables,

Quantities z, y, 4, v, ®, p, @ and P are regarded as coordinates defining a point in
the space Es. Let us obtain a group G of transformations of Ey with the following infini-
tesimal operator 4

X=t5 + 8y ay+zu 2 et R . - aB +epa,,
where g, §y ,.s. are functions of z,y,p,u,v,a, p and o ,respectively, Let Eazo
be the continuation of Ejg with respect to all the derivatives in u, v, ®, p, @ and B and
let X* be the continuation of X.

System (S,) will admit the group G, if and only if the conditions [4 — 6]

1 {
Xt [a”_‘T\’r (uux-{- va pr__zvrB)] o
Xt (uu—‘a)=0. X (mu~_B)=0, X+pv=0' X* (v, + ug) =0 2.1)
X+ [Bu _— (Iu(l)x + IvB + 4vrm + 2'\’,-(1) T—]] =0,

hold. The system of equations (2.1) on the manifold (S,) decomposes, yielding a system
of defining equations the general solution of which has the form

Ex=az+ b, Ep=2ap+ by, §,=au, {y= a0 2.2)
Ee=aa, Eg=aP, b, = b9 (z), &, = bsug’ (2), ¢ (2)=deg/dz
where @ (z) is an arbitrary function of 2.
Thus the system (S,) admits the infinite group G, Since &, §y, &y E_,,, Ew and §,
are independent of « and B, instead of considering the space Es we can consider only
the space Eq, in which the Lie algebra of the group ¢ is generated by the following abbre-

viated basis operators 9 F] Fi] a
Xl_z0z+uau+2p6p+mam Xa=5z X’=$ 23

(S1)
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together with the set of operators of the form s
Xs=9 (=) 3, 3y + vy’ (v) av (2.4)
It can be shown that the subalgebra of the operators (2.4) will be the ideal of the com-
plete Lie algebra of the admissible system (S;).
To find the substantially different invariant solutions of (Sl), we shall construct an
optimal system of operators (2, 3) generating the algebra of residues on the ideal of (2.4).
Computations [4 and 5] yield the following one-parameter subgroups.

Subgroup K, with the operator X,. This subgroup has the associated set of
the independent invariants

Ji=ulz, Jy=v, Jy=p/a Ji=o0lz, Jy=Ft=y
Inserting the values of u, v, p'and ® obtained from the above invariants into (S;), we
obtain another system of equations which we shall call (S, / Hy)
(VNI = pld - plody + 23 — 20v, 0, Ty =0
N+ T =0, YW =I1LJ + 17J) + v J + 2v,J0)
Here and in the following the prime will denote differentiation with respectto & -

Subgroup H, with the operator X, The complete set of invariants has the

f
orm Ni=u Jy=v,J3=p Ji=0,Jy=Ft=y

The corresponding system (S, / H,) can be written in the form (v + v )J," = JyJy' —

U
—-2v,J Iy =0, N/ =0y =1ILJ; + & J+ 2v,0,
Subgroup Hs with the operator X, The complete set of invariants consists
of Hh=u Jy=uy, Ja= @, J, =z, Jy=F=y

Invariant solution cannot [4 and 5] be constructed on this subgroup,

Subgroup H, with the operator X = 4(...)/ 9z + 8 (...) / 6p. Here we have
the following independent invariants

Si=u Ja=v Jg=p—z Ji=0, Jy=F=y
System (S, / Hy ) has the form
P+ VL =pldy — 20V, 0, Ty =0
Jy =0, yJ' = 1JJ + &v Iy + 2v,.Jy'

Subgroup Hy with the operator X, Complete set of the independent invari-
ants is given by Siexw, Jyerv—uyq' /g, Js=p im0, Jy=f=z
System (S,/H,) is completely integrable and yields the following solution

G ooy (%) _ ca’p _ [__4_"5 5'
v=0@) v=0Q () + ——=— @ p=q 7 o = C3 exp P Q(z)dz
where @ (z) is arbitrary, ¢, ¢, and ¢3 are constants of integration. Table 1
It can be shown that the boundary Sub —
layer equations (1.7) and (1.8) of gsr%lf;P Operator ,gr%u]: Operator
the second and third type admit the o | Xs Hy | Xa
same group G as Eq, (S5,). Therefore Hy, | X4 H, Xy 4 X
their solutions can be obtained from Hy | Xs - Hy | X ?x’ X
; Hy | X4 X Hy | 2Xy4- Xa X4
the systems (S, / Hy) — (S, / Hy), in Hy | Xs+ Xs Hy | 3X, 4+ Xe+ Xy
which ¥ and I are assumed equal to He | Xo+4 Xs Hy | Xo
zero, Hy | Xo+ Xa+Xs
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B) Let us now consider the fourth type of the boundary layer equations, The system
(1.9) in its normal form is

1 1
uv=m(uux+ va+-;p,—2v,[3), uy=a, o,=f (S3)
Py = 0, Uy = — Uy, py = IY—I (voy, + Dp)
In this case a general solution of the defining equations of the type (2,1) is obtained

in the form t. = az + b, B, = —'a)y + bp (), § = (3a — 2)u
bo=(a— 1y + by’ (2), Bp=0a—9p+by E,=(@s—3) o+ b,

The optimal system of the operators of the Lie algebra corresponding to the fourth
type of the boundary layer equations is given in Table 1.

We see that for the subgroups Hi, H, H, and Hy4 the invariants are the same as those
obtained for the first type of the boundary layer. Subgroups Hy and Hg have no invariant
solutions.and‘the remaining subgroups shall be discussed below,

Subgroup Hy The complete set of independent invariants consists of

h=u Jy=v, Jy=p, h=m0—z Jy=F=y
System of equations (Sq / Hy) has the form
VIR =T — 2T, Ty =0, Jy =0, yJ,S"=1J; + I,J/

Subgroup H,. The coresponding complete set of the independent invariants is

h=u L=y, Jy=p—z Ji=0—z Jy=Ft=y

System (S, / H;) becomes

POV VN =plfy + 41— 2.0/, Ty =0

Jy =0, ' =1)1 4137/
Subgroup Hs. The complete set of the independent invariants has the form
Nh=uy, Jy=wvy, Jy=pph Ji=op, Jy=t=3
and the corresponding system of equations (Sy / Hp) is
phty — 2003y =6p (v + vy —3pv,Je, Ty =0y
J3=0, yJ = 1LJ'  ~31JJ,

Subgroup Hy Here we have the following independent invariants:

Jy = uexp(2z), Jy= vexp(z), J;= pexp (42)

Joe= wexp(3z), Jy=§=yexp(—2)
System (S / Hs) has the form

P v = —20Ji* —pEL) Iy + pJyJy — 4T, T =0
=8 =25+ =0, Y, =1JJ/  —3L,J, — IES T/
Putting Jy = @’ and J; = ¢, we obtain
O+ V)" + 29* — 99" + boy = — v, ¥', p=r¢q exp(—42)
W =1 (29 — §¢’' + E¢ W' — 3I9"p
Subgroup H,e. The complete set of the independent invariants is
Jy = ug M J = g™, Jy = pg2UTIM), oo iem o B ypm
The system (S, / H,,) becomes
¥ + V9" + (1 — m)ep” — (1—2m)9" — 2(1—2m)ey = — 2v,¥’
W =T ({1—3meb—I (1 — mey, p=cpz3t-™™ (2.5)
Subgroup Hy. This subgroup has the following indepenaent invariants:
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Ji=u Jy= v:tll'l Jg=p—1In =, Jo= "’zll" Ji=F = yzdi/'
and the system (Sy / Hy;) has the form
20 (v + v)9" + pep” — 1 = — bpv, ¥’
299" = — 20V — I9¥', p=c + I
Subgroup H;e The complete set of the independent invariants is
Jy=uzl g = vl Ty = pz"h, Jo=0—Inzh, Jp=F = yz"/'
The system (S, / Hy,) will have the form
3p (v + v)9" — p@? + 209'9" + 2¢; = — 6pv Y’
W=1I¢' +1E— 29V, p=cqa"

8, We shall now consider the problem of the flow of a viscous, incompressible fluid
with couple stresses, around a plane semi-infinite plate, We shall assume that the follow-
ing boundary conditions hold: = y = 0 when y =0 (3.1)

limu(z,y) = U(z) =cz®, limo(z,y)=0 as y — oo
At the rigid wall, @ may assume one of the following values:
®=0 when y=0, wy = — uy, when y=20 (3.2)

Pressure p is obtained from [3]

Py = — pUU’' = —nctpz*"? 3.3)

Conditions (3,1) — (3, 3) hold only for the self-similar solution of (2, 5) in which the
following substitution should be made:

m=00—n/2 ¢=—¢/2
From (2, 5) we obtain

2(v+ V)" + (n+ 1)99" + 2n (* — @) = — 4v,y

'+ 1 (n+ ey — I (@3n—1)p'p=0 3.9
Boundary conditions (3,1) will become
?0) =9 (0)=0, ¢ (x)=0¢, P(o0) =0 (3.5)
Relations (3,2) can be written in the form
YO0 =0 o 29p0)+¢ =0 (3.6)
If the fluid has constant velocity when y = oo, then Egs, (3. 4) become
20+ VP + 90 = — v, 2W + T (@9) =0 3.7

From (3.4) with (3, 5) and the first condition of (3.6) taken into account, we see that
o =0, i.e, when @ 5= 0.2 solution of (3.4) is possible, provided that the conditions
(3.5) and the second condition of (3.6) hold,

4, Let us consider the problem of a totally submerged flow of fluid with couple stresses,
using Egs. (2.5). In accordance with the condition of the conservation of impulse of the

stream L
P S uldy = M = const
—0Q
we must put m =3/, and e =0.
Relations (2, 5) yield equations describing the submerged flow P

3 (v 4 VI + (9) = — 6v,¥, 39" + Io¥ + 319 9=0, p | ¢r k=01 (41)
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Boundary conditions for @ will become [3]
?(0)=9"(0) = ¢’ (c0) = 0 (4.2)
By symmetry we have, fory,

Vv0)=20 4.3
and at infinity, we adopt one of the following conditions :
P(o0) =0, 29 (oc) + @" (c0) =0 (4.9

We note that Eqs, (4.1) with the condition (4.2) and the first condition of (4, 4), coin-
cide with the equations of motion for a submerged stream of a Newtonian viscous fluid
($ = 0),'If, on the other hand, the conditions (4, 2) and (4. 3) together with the second
condition of (4,4) are taken , then the solution of the problem on the submerged stream
with couple stresses leads to the process of integrating (4, 1),

The author thanks D, D, Ivlev and A, T, Listrov for the formulation of the problem and
for the guidance during the course of work .
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The equilibrium figures of a homogeneous right cylinder kept together by surface tension
forces are considered, As we know, the only equilibrium cylindrical figure in the absence
of rotation is a right circular cylinder (this shape corresponds to minimal surface energy).
Such a cylinder remains an equilibrium figure with rotation about the axis of symmetry
of the normal cross section, However, as will be shown below, new equilibrium fig‘ures in
the form of right cylinders with »th order (n = 2,3, ...) axes of symmetry arise for certain



